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Distinguishability dynamics and quantum speed limits in the Bloch ball 
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We derive a necessary and sufficient condition on a time-independent Hamiltonian and arbitrary 
initial state of a two-level quantum system which guarantees that the initial state will time evolve 
to another state from which it can be distinguished with an a priori established minimal error 
probability <5 € [0,1/2]. The time required for the initial state to evolve to such a probabilistically 
distinguishable state is compared to previously established quantum speed limits giving lower bounds 
on the time required for evolution between nonorthogonal states. We use the explicit distinguisha¬ 
bility time to provide a succinct derivation of the quantum brachistochrone, i.e., the Hamiltonian 
generating shortest time evolution between two states having equal magnitude Bloch vectors. As 
a consequence of the distinguishability condition, we fold that if a given unitary does not evolve a 
given pure state to an orthogonal state, then there exist mixed states in the Bloch ball that time 
evolve faster than the given pure state and that reach a greater level of distinguishability under the 
given unitary. We show that such mixed states exist even in the case of nonunitary evolution by 
considering a two-level system resonantly coupled to a single mode electromagnetic field. 


I. INTRODUCTION 

The minimal length of time required for a given quan¬ 
tum state to evolve to an orthogonal state under uni¬ 
tary time evolution provides an ultimate bound for the 
processing speed of a quantum computer, regardless of 
the physical substrate used for the quantum information 
processing Q] . Orthogonal states also form a valuable re¬ 
source for quantum communication and for the efficiency 
of quantum algorithms [3]. However, in practice, per¬ 
fectly orthogonal states are not always achievable; for 
this reason, it is not surprising that the problem of opti¬ 
mally distinguishing elements of a set of nonorthogonal 
quantum states continues to be subject of active research 
(see, e.g., Refs. mm- Methods for generation and ma¬ 
nipulation of nonorthogonal states are vital for high pre¬ 
cision control of quantum dynamics and for optimal co¬ 
variant quantum state estimation [5]. The unavoidability 
of nonorthogonal initial and final states of realistic quan¬ 
tum dynamics has led to the study of generalized quan¬ 
tum speed limits, i.e., lower bounds on the minimal time 
required for an initial state to evolve into a state which 
is imperfectly distinguishable from the initial state mm- 

In this paper we consider the more general question of 
determining a simple necessary and sufficient condition 
on a given time-independent Hamiltonian H and initial 
qubit state p indicating that the unitary time evolution 
generated by H produces a state that is probabilistically 
distinguishable (with maximal success probability 1 — 
from p. The proof of such a condition requires a no¬ 
tion of distinguishability time, which we briefly define. 
In order to operationally define a distinguishability time 
Ts(p,£t, A), representing the minimal time required for 
an initial quantum state p to time evolve to a state from 
which it is probabilistically distinguishable with error <5, 
one must specify in addition to a parametrized quantum 
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dynamical map ft, a discrimination prodecure A that 
maps the pair (p, £ t (p)(, consisting of initial state p and 
its time evolved counterpart £ t (p), to the interval [0,1/2], 
This interval represents the probability of unsuccessful 
discrimination events. Then one can define 

Ts(p,£ t , A) := min{t| A(£ t p, p) = <5}. (1) 

Importantly, in order for rg(p,£ t , A) to be well-defined, 
there must exist a time t > 0 such that A (p,£ t p) = S. 
The calculation of rg(p,£ t , A) for a given time-evolution 
and discrimination procedure may require solving for the 
full path {£tp\t > to} and optimizing over a set of quan¬ 
tum measurements determined by the decision procedure 
A. The general solution of this poses a considerable chal¬ 
lenge. However, determination of a range of precisions <5 
in [0,1/2] such that Tg(p,£ t , A) is meaningful can be ob¬ 
tained from, e.g., an upper bound on A (p,£ t p) for all t. 
In addition, it is useful to derive tight lower bounds on 
rg that reveal the physical properties of the state and the 
dynamics that lead to the true value of the distinguisha¬ 
bility time. 

The present definition of rg is easily generalizable to 
the case of optimal multistate distinguishability dynam¬ 
ics [1] and to maps £t parametrized by an arbitrary 
smooth manifold instead of a line. The discrimination 
procedure A implicitly depends on a set of available mea¬ 
surements and postprocessing of measurement results. 
We define a symmetric relation on the set of quantum 
states termed “(1 — ^(-distinguishability” which will be 
useful in the discussion that follows by the following re¬ 
lationship: p and a are (1 —^(-distinguishable if and only 
if A(p,cr) = 5. 

In the present work, we focus primarily on the case 
in which £ t is unitary evolution generated by a time- 
independent Hamiltonian, {£ t (p)\t > 0} is a path in the 
quantum state space of a two-level system, and A is the 
minimal error probability for binary quantum state dis¬ 
crimination [8|. Not all Hamiltonians generate a unitary 
time-evolution taking a given initial state to an orthog- 
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onal state or even to a (1 — 6 )-distinguishable state for 
a given value of S (results along these lines for various 
finite dimensional Hilbert spaces can be found in Ref. 
0)- Our main theorem completely determines the re¬ 
lationship between distinguishability of states on a uni¬ 
tary path in the Bloch ball and the statistical geome¬ 
try of that path. Given a Hamiltonian and a distin¬ 
guishability parameter S £ [0,1/2], the theorem allows 
qubit states to be split into two classes: 1) those initial 
states that, under unitary evolution generated by H , be¬ 
come (1 — ^-distinguishable from the starting point, and 
2) those initial states that do not. For the first class, 
the theorem allows one to introduce a partial order on 
the states based on the minimal time required to get to 
(1 — 5)-distinguishability, i.e., the quantum speed limits 
of their respective orbits in the Bloch ball. As a conse¬ 
quence, we determine the subset of the Bloch ball that 
reaches (1 — (^-distinguishable states faster than a given 
pure state under the evolution generated by an arbitrary 
time-independent qubit Hamiltonian. 

A brief outline of the paper is as follows: in Section 
[Hi we review two lower bounds on the distinguishabil¬ 
ity time when A is taken to be the minimum error bi¬ 
nary quantum state discrimination procedure and com¬ 
pare these bounds to the true unitary distinguishability 
time of a qubit. Section m contains the main theorem 
providing a necessary and sufficient condition for evo¬ 
lution to a (1 — ^-distinguishable state and an explicit 
expression for the distinguishability time of a two-level 
system. We use the main theorem to provide a short so¬ 
lution to the problem of the quantum brachistochrone in 
Section IV In Section [Vj we extend the analysis to non¬ 
unitary qubit dynamics and show that a set of mixed 
states evolving to (1 — (^-distinguishable states faster 
than a given pure state exists even in the presence of 
amplitude damping due to coupling to a monochromatic 
electromagnetic field. We also use this example to illus¬ 
trate the role of the initial held state in controlling the 
minimal distinguishability time, showing how this can 
be tailored to speed up arrival to a target level of distin¬ 
guishability. 


II. DISTINGUISHABILITY TIME 

Rigorous notions of uncertainty tradeoffs between mea¬ 
surements of energy and time have been developed in 
terms of the orthogonalization time, i.e., the minimum 
time required for an initial quantum state to evolve under 
the action of a given (unitary or nonunitary) quantum dy¬ 
namical map to a state from which it is completely distin¬ 
guishable [71 QZBQ2]- In traditional approaches to time- 
energy uncertainty, a decay time or half-life of a quan¬ 
tum system scales inversely with the root mean square 
energy fluctuations of the system. These approaches 
were made mathematically rigorous by the derivation of 
a lower bound on the pure state orthogonalization time 
which scales inversely with the variance of the generator 


of evolution (we call this bound MTj_ after the seminal 
work of Mandelstam and Tamm |13| which was put on a 
geometric footing by Aharanov and Anandan ED- 

The orthogonalization time can also be bounded below 
by a function of the expected value of the generator of 
evolution (we call such a bound ML_l after Margolus and 
Levitin [15]). An important difference between the MLj_ 
and MTj_ bounds is that the former is a kinematic bound, 
resulting from a linear approximation to the fidelity of 
the initial state and the time-evolved state, while the 
latter was derived by consideration of geodesics of an 
appropriate metric on quantum state space. 

Recently, the MLi and MTj_ bounds have been gener¬ 
alized to bounds on the distinguishability time of Eq. (|T|) 
for general quantum states evolving under unitary maps 
[8]. When the unitary path is generated by H = and 
A(p,cr) :=Perr(p,cr) = 1/2— l/4||p—cr||i, where p elI (p,a) 
is the minimal error probability for binary state discrim¬ 
ination of quantum states p and a [5] , the time t required 
for p to reach a (1 — ^-distinguishable state is bounded 
below by the following distinguishability times: 
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2sin _1 (l - 25) 
VHp,h) 

nH(l - y/1 - (1 - 2d) 2 ) 


2(tr(pU) - E 0 ) 


( 2 ) 
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where Eq is the least eigenvalue of H and T(p, H) is the 
quantum Fisher information on the unitary path contain¬ 
ing p and generated by E[ (see Ref. [8] or Section [TIT] for a 
definition). Clearly, the unified distinguishability bound 
satisfies lim^o max{r/ vfT , = max{MTj_, ML^}. 

For a two-level system with time-evolution generated by 
H = Huiqu ■ a , we will see in Section |III| that the states 
ci|0)s + c 2 |l)n with |ci| = |c 2 | = 1/V2 are the only 
ones that saturate t$ it ; not surprisingly, these are also 
the only states saturating the ML_l and MTj_ bounds 

Hi [EE]. 

For a two-level system in a state p[f) = I+r-a/2 evolv¬ 
ing by the Hamiltonian H = Hu>o(fi ■ a + I) (the identity 
is added so that H has positive semidefinite spectrum), 
application of Eq.([3]) yields 

ML = ^ Wl ~ (1 ~ 2d)2) 

5 2w 0 (n-r + l) ' 


This bound is not consistent with the rotational sym¬ 
metry of the dynamics. For example, the state with 
Bloch vector p(—r) gives a different bound than that for 
p. The bound rf 1L remains valid if n ■ r is replaced by 
\n • r\. How ever, our explicit calculation of J-(p,H) in 
combined with the fact that sin _1 (l — 2<5) > 


Section 


III 


(7r/2)(l — — (1 — 25) 2 ) for <5 £ [0,1/2], leads to the 


conclusion that for 6 £ (0,1/2), the Mandelstam-Tamm 
bound t^ t is greater than the Margolus-Levitin bound 
Hence we will focus here on t^ it as the lower 
bound on the distinguishability time for the two-level 
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system. Similar to MLj_, we expect to be useful 

for analysis of the distinguishability dynamics of systems 
with constant energy but large quantum Fisher informa¬ 
tion, which for pure states is equivalent to large fluctu¬ 
ations of the energy. One potentially important appli¬ 
cation of the quantity t^ l is thus for analysis of dis¬ 
tinguishability dynamics in incompressible liquids with 
large heat capacity near thermal phase transitions. 


III. SINGLE QUBIT DISTINGUISHABILITY 
DYNAMICS 

Before we state the main theorem, we make note of 
some of its corollaries for pure states which are well- 
known. Consider a Hamiltonian H = hu>Qn ■ a (where 
||n|| = 1 and a := (a x , a y , cr z )) and an initial state \ip). 
H has operator norm Huto and we will set u>q = 1 for 
convenience. By acting on | ip) with the time-evolution 
operator U(t) := e~ lHt / h to produce | if(t)}, one finds 
that a time t such that (i/j\if(t)) = 0 exists if and 
only if the Bloch vector r representing | ip) on the Bloch 
sphere is orthogonal to n. These states are superpo¬ 
sitions = ^ 7 j(| 0 )n + e l<p \l)n) °f the lowest and 

highest energy states (|l)a and |0)^, respectively) of H. 
Such superpositions define a great circle of states on the 
Bloch sphere having Bloch vector orthogonal to n. A 
measurement of the observable H in a state \4>{<p)) has 
variance 1, the largest possible value for all pure states. 
For any ip, the state U(t)\(j>(<p)) is orthogonal to | </>(y>)) 
when t = 7t/2. 

On the other hand, there are no completely distin¬ 
guishable mixed states (i.e., nontrivial convex combina¬ 
tions of pure states) in the Bloch ball. Furthermore, if 
the initial state is mixed, it cannot be distinguished com¬ 
pletely from any pure state. Mathematically, these facts 
follow from the fact that mixed states of the Bloch ball 
have rank two and so they cannot have support which is 
disjoint from the support of any other state of the Bloch 
ball. Hence, when the initial state is mixed, there is no 
hope to achieve 1-distinguishability through any type of 
evolution, unitary or nonunitary. However, the evolution 
may still result in a (1—<5)-distinguishability of initial and 
final states for some S > 0. Here, we consider unitary evo¬ 
lutions which result in (1 — <5)-distinguishability between 
the initial and final states instead of perfect distinguisha¬ 
bility (i.e., 1-distinguishability) and derive the set of 
quantum states which evolve to (1 — (f)-distinguishability 
faster than a given pure state. In the finite dimen¬ 
sional case considered here, the condition of (1 — 6)- 
distinguishability of two qubit states is made easier by 
the fact that the trace norm || ■ ||i appearing in the ex¬ 
pression Pen(p, o’) can be calculated as the sum of the 
absolute values of the eigenvalues of p— a. For the state¬ 
ment of the main theorem, we again take H = Hu>on ■ a 
and ujq = 1. The proof is made easier by the use of a 
simple lemma. 

Lemma Let po = | be an initial quantum state 


on the unitary path p t = e - lHt / h p 0 e lHt / h generated by 
H. Then the quantum Fisher information on this path 
satisfies 

T(p t ,H) = A\\ftxf 0 \\ 2 . (5) 

for all t > 0. 

Proof By definition, P(p t ,H) := tr (L 2 p t ), where L = 
Lf is the symmetric logarithmic derivative operator, i.e., 
the unique observable satisfying = \{Lpt + ptL) for 
all t. L depends on the state p t through its Bloch vector 
r t and also on the vector n defining H. The von Neumann 
equation gives =jj± = —i/h[H, p t \, so that L must satisfy 
\[L,pt\+ = — i/h[H,p t \ = (ft X r t ) ■ a for all t. Writing 
L = Vf <J and solving for v t results in v t = 2 (nxf t ). Tak¬ 
ing the variance of the resulting operator L = 2(n x ft) • a 
in the state p t and using that fact that tr (pL) = 0 gives 
the result jF(p t ,H) = 4||nxr t || 2 . The Bloch vector f t sat¬ 
isfies a quantum equation of motion that is the same as 
the classical equation of motion for a magnetic moment 
in a constant magnetic field which gives rise to Larmor 
precession, and so ||n x r t || = ||n x fo|| for all t. In this 
classical analogy, the constant value of the norm corre¬ 
sponds to conservation of angular momentum. □ 

Because the observable L has units of [t] —1 , P(p,H) 
has units of [t]~ 2 . The geometric relationships among 
the symmetric logarithmic derivative, the Hamiltonian, 
and the state p can be seen in Figure |lji) . More gen¬ 
eral expressions for the symmetric logarithmic derivative 
and quantum Fisher information for a qubit have been 
obtained previously HU; but for the case of unitary evo¬ 
lution the vectorial expression is exceptionally useful. In 
the context of time-dependent quantum magnetometry 
with a collection of qubits, Eq. © reproduces the rele¬ 
vant quantum Fisher information appearing in the quan¬ 
tum Cramer-Rao bound [IS]. Clearly, when ||r|| = 1, i.e., 
when p is pure, the quantum Fisher information takes 
the well known value P(p,H) = 4tr((A H) 2 )p)/H 2 TTI| . 
We now state and prove the main theorem. 

Theorem 1 There exists a t > 0 such that an ini¬ 
tial quantum state p = |(I + f ■ a) evolves to a state 
U(t)pU(tY satisfying p err (p, U[t)pU(t)^) = 6 if and only 
if: 

2(1 - 26) < y/?{p,H). (6) 

where ||a|| = (a • a) 1 / 2 is the Euclidean norm of o £ K 3 . 

Proof It follows from the algebra of the Pauli matrices 
that 

p-U(t)pU(ty = sin 2 (t)(r—(r-n)n)-a+sintcost(rxn)-a. 

(7) 

We derive the conditions on r which guarantee the exis¬ 
tence of t such that p m , m in{p,U{t)pU(f)^) = <5 is satis¬ 
fied. Evaluating the trace norm of Eq. 0 allows one to 
write the following expression for p err (p , U{t)pU(t )t): 

^ — i|| sin 2 t(r — (r • n)n ) + sinf cost(r x n)||. (8) 
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The expression in ([8]) is equal to 6 if and only if 


1 - 26 


sint|. 


(9) 


A value of t satisfying the above equation exists if and 
only if . 1 ~ 2l ' > ' ^= < 1 . Using the Lemma, we have 

_VlM \ 2 ~(r-n) 2 

yjT(p,H) = 2|| ft x f|| = 2^/||f|| 2 — (r • n) 2 , which was 
required. □ 

An immediate corollary of Theorem 1 is that pure 
qubit states are the only states for which there exists an 
orthogonalizing unitary evolution. In addition, it is clear 
from expanding the vector norm in Eq. ([8]) that the mini¬ 
mal error for distinguishing p and p(t ) occurs at t = 7t/2 
(in units of w^ 1 ). It follows from Eq.([9j) that if p satu¬ 
rates the inequality §, then p err (p,[/(7r/2)pt/(7r/2)t) = 
<5, i.e., p(t) is (1 — (^-distinguishable from p at time 
t = 7t/2. 

Having derived the necessary and sufficient condition 
for a given qubit state to reach a (1 — (^-distinguishable 
state under a given unitary evolution, we are equipped to 
find the set of states that evolve to (1 — (^-distinguishable 
states in less time than the given state. In particular, it 
follows as a corollary of Theorem 1 that there are mixed 
states that evolve more quickly to (1 — (^-distinguishable 
states than certain pure states, as long as (5 > 0. To make 
this clear, we take H = Hu>o&z without loss of generality 
and first note that the maximal quantum Fisher infor¬ 
mation of all paths in the Bloch ball generated by H is 
achieved for the pure states |0) +e l(p \l) /\/2 (ip £ [0, 27r)); 
these are the “fastest” time-evolving states, reaching 
(1 — ^-distinguishable states in time sin _1 (l — 26) < 7r/2. 
Now, consider a pure state | ip) with Bloch vector given 
by angular parameters ( 9ip^) on the Bloch sphere with 
8^ = sin _1 (l — 26) (Fig. EJ). Then Eq. ([ 9 ]) implies that 
Tg(\ip), e~ xulota - ,perr) = 7 t[2. It follows from Theorem 1 
that the set S of states defined by S = {p| \/J-(p, H)/2 > 
sin Oij, = 1 — 26} reach (1 — (^-distinguishable states and 
do so in a time t £ [sin 1 (l — 2(5),7r/2], i.e., in a time 
less than or equal to the (1 — (I)-distinguishability time of 
|^). The set of states satisfying this condition lie in the 
spherical ring illustrated in Fig. [2j Hence, to find the set 
of states evolving faster than a given state p, one must 
only look for the states cr such that .F((7, H ) > -F(p, H ). 


IV. DISTINGUISHABILITY ON MINIMAL 
TIME PATHS 


As an example of utility of the notion of distinguisha- 
bility time, we provide a simple solution of the problem 
of the quantum brachistochrone, i.e., given two states 
Pi, P 2 with equal Bloch vector magnitudes, to identify a 
Hamiltonian LZ* generating a unitary path such that p\ 
evolves to p 2 in the shortest possible time. Previous ap¬ 
proaches to this problem make use of a variational prin¬ 
ciple on projective Hilbert space m or saturating an up- 


( 0 , 0 , 1 ) 



FIG. 1: The magnetic field vector n, the Bloch vector r, and 
the direction vector 2 (n x f) of the symmetric logarithmic 
derivative plotted relative to the 2-sphere. The square root 
of the quantum Fisher information is equal to the operator 
norm ||L|| of L which is twice the shaded area. 



FIG. 2: Given a pure quantum state \i/j) with Bloch vector 
corresponding to polar angle 9^ and Hamiltonian H = hu>oo z , 
the shaded region containing p represents those states with a 
shorter distinguishability time for all values of <5. 


per bound on the energy fluctuations in a 2-dimensional 
Hilbert subspace [2T. Our solution solves the brachis¬ 
tochrone for two mixed states with equal Bloch vector 
magnitudes and the pure state brachistochrone follows 
as a corollary when the Bloch vectors are on the Bloch 
sphere. 

Theorem 2 Let p \, p 2 be quantum states of a two-level 
system and have Bloch vectors rl, r~ 2 , respectively, with 
||rj|| = ||7^21|. Then the Hamiltonian iL* having operator 
norm Hu>o which takes p\ to p 2 in the minimal time is 
given by 


H* = ftlOo XT ln • <?■ ( 10 ) 

Fi x r 2 || 

Proof The assumptions of the theorem come only 
from the observation that unitary dynamics of a mixed 
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state with Bloch vector magnitude R take place on a 
2-dimensional sphere of radius R. To prove the Theo¬ 
rem, let u>o = 1 and consider the ansatz ff* = hq ■ a 
with 11 g|| = 1. We assume that there exists t such that 
p 2 = e~ lH * t l n p 1 e lH * t / h . Then the time evolved Bloch 
vector of pi satisfies 

cos(2f)ri — sin(2f)(ri x q) + 2sin 2 (t)(rj • q)q = r 2 . (11) 

Taking the Euclidean dot product of Eq. © with rj gives 
the equation 


sin 2 t = 


||rl|| 2 - f[ ■ r 2 
2 sin 2 di||rj|| 2 


( 12 ) 


where 9\ is defined as the angle between rl and q. The 
time t is minimal when 6\ = 7t/ 2; we will call this time 
T. If 9i takes this value, then it is clear from Eq. (11) 
that <f • r! = 0. Up to a factor of ±1, this specifies q = 
l|U*)||l . To finish the proof, we show that taking = 
q ■ a with q = ||U*(||| (i.e., taking the “+” sign) causes 
pi to unitarily evolve to p 2 in the minimal possible time 
allowed by Eq.(|9|. Since the minimal error probability 
for distinguishing pi and p 2 is <5 = 1/2 — l/4||rj — rl| 
and using ||r!|| = ||r 2 ||, we have 2(1 — 25) = ||rl — rlH = 
\/2(||rl|| 2 - rl • rl). For 9 X = tt/2, F(pi,H*) = 4||fj||. 
Hence, Eq.( 12) shows that pi evolves to p 2 on the path 
generated by H * in time 


T = sin" 1 


llU - ^2 || 


= sin 


(1 - 2 < 5 ) 

y/F( Pl ,H.y 


(13) 


Therefore, according to Eq.([9]), H * gives the shortest time 
unitary evolution taking pi to p 2 . □ 

The form of Eq.([To|) could have been anticipated by 
noting that the goal is to identify the unitary path con¬ 
necting pi and p 2 that has greatest quantum Fisher in¬ 
formation (i.e., greatest Bures line element [Hi) and then 
noting that the Bures line element is just a Euclidean line 
element on Bloch vectors [22] , Hence, one seeks a great 
circle on the sphere of radius ||r!|| connecting pi and p 2 
in the Bloch ball. The quantum Fisher information on 
the path e~ ltH *! h pie 1 * 11 */ h is 




4(1 - ||ri|| 2 cos 2 (vJi 2 )) 


sin ip 12 


(14) 


where ipi 2 £ [0,7r] is the angle between rl and rl- 

To obtain the pure state brachistochrone, consider 
two linearly independent pure states |0i), 1 02 ) with 
('01|02) =: 2 € R. to span a Hilbert subspace, form the 
orthonormal basis with elements 


h.c.. Rewriting — a y gives the quantum brachistochrone 
for two pure states: 

H * = (I0i)(0 2 |- I0 2 ><0i|) ■ (16) 

Note also that under brachistochrone evolution to a pure 
state |02), an initial pure state |0i) orthogonalizes to the 
state oc z\ipi) — \tp 2 ) after a time tt/2. 


V. CAVITY QUBIT DISTINGUISHABILITY 

In Theorem 1, we have established the necessary and 
sufficient condition for an arbitrary qubit state to reach 
a (1 — (^-distinguishable state under unitary evolution in 
the Bloch ball. The restriction to unitary evolution is 
made here primarily on account of the relevance of such 
maps for quantum computations, where Stinespring’s di¬ 
lation theorem |23j allows one to consider any completely 
positive, trace-preserving map as a unitary map on an 
amplified system consisting of the original system and 
some ancilla qubits. However, within current physical re¬ 
alizations of quantum computers, it is not a trivial task 
to simply append the needed ancilla qubits and carry out 
the unitary map; it may therefore often be more efficient 
to focus efforts on engineering dissipative quantum evo¬ 
lutions that optimally take initial states to the desired 
final states in the Bloch ball. 

With this in mind, we now consider non-unitary distin- 
guishability dynamics by introducing a resonant interac¬ 
tion of the qubit with a single-mode electromagnetic field, 
e.g., in a cavity quantum electrodynamics (CQED) ex¬ 
periment. We shall analyze the distinguishability of the 
initial qubit state from its reduced time evolved coun¬ 
terpart. In the case of unitary evolution, the only way 
to decrease the distinguishability time for a given initial 
qubit state is to increase the energy scale Hloq of the qubit. 
Intuitively, one expects that a more energetic quantum 
state moves faster in Hilbert space and this is verified by 
the inverse scaling of the MLj_ and MTj_ bounds with the 
operator norm of the Hamiltonian. However, for a qubit 
resonantly coupled to a lossless single-mode electromag¬ 
netic field, coherent control of the initial field state can 
allow the qubit distinguishability time to be tuned for 
any given value of the qubit energy splitting. 

We calculate the quantity p eTr (ps{t), ps(0)) where 
ps{ 0) is the initial qubit state, 10) is the initial (pure) 
state of the field, and ps{t) = tT E (V(t)(ps{0) ® 
|0)(0|)U(t) t ) is the reduced time-evolved state of the 
qubit (Fi si The unitary V(t) is the time-evolution op¬ 
erator generated by the Jaynes-Cummings Hamiltonian 

m 


\ e ± 


) = I0l) ± |02>/\/2 + 2z. 


(15) 


Then the state |0i)(0i| (|0 2 )(021) has Bloch vector 
n ) = (\/l — z 2 , 0, z) (nj = (—\/l — 2 2 ,0, z)) and, from 
Eq.(10), one has H * = —Swocr y , where a y = — *|e+)(e_| + 


Hjc ■= fu*J 0 {a^a+ y) +g(a 1( a_ + aa + ) (17) 

at field frequency wq = 1, zero detuning, and qubit-field 
coupling g = wq/ 20. We parametrize the initial qubit 
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a) 



FIG. 3: Minimal error probability for distinguishing an ini¬ 
tial pure state in the xz- plane of the Bloch sphere from 


tr E {U(t){ps® |V’)(V’l)C t (i)) for t £ [0, lOOu;^ 1 ] with | ip} = |a) 
and a) a = 3 b) a = 1. c) Reduced distinguishability dynam¬ 
ics of qubit initially in ps(0) = |0}(0| coupled to various ini¬ 
tial held states: | ip) = |q) (black, dashed); | ip) = |eo)(eo| 
given by Eq.(20l (black, solid); | ip) oc |q) + |— a) (blue); 
1*0) oc |a) — |— a) (red), a = 3 for all curves. 


state by 


Ps(0) = | + ®(cos(6l)cr x + sin(0)a z ) (18) 

for ease of visualization. The reduced time-evolved qubit 
state ps ( t ) is calculated with the Kraus representation of 
the reduced dynamics defined in the Fock state represen¬ 
tation, 


too 

ps(t) = J2 E n(t)ps(0)E n (t)\ (19) 

n—0 

where E n {t) := (n\V(t)\ip) is a bounded operator on the 
qubit Hilbert space. We employ N = 100 Kraus oper¬ 
ators, corresponding to contributions from field photon 
Fock states up to N = 100 and vary the initial product 
state of qubit and field as described below. 

Figs. §0 and [3]o) show the time dependence of the 
minimal error probability for distinguishing the time- 
evolved reduced qubit state from the initial qubit state 
when the initial field state is a coherent state with vari¬ 



FIG. 4: Reduced distinguishability dynamics of qubit initially 
in ps( 0) = |0}(0| coupled to various initial held states: (black, 
dashed) \ip) = |a); (black, solid) | ip) = |eo)(eo| given by 
Eq.([20|; (blue) \ip) oc |a) + |—a); (red) |0) oc |a) — — a) 
(a = 3 for all curves). 


able intensity, i.e., \ip) = |a), a £ C. Two effects of 
the field intensity \a\ 2 on the minimal error of optimal 
discrimination between ps(0) and ps(t) are evident here: 
i) increasing the field energy causes large amplitude os¬ 
cillations in the distinguishability with respect to time, 
and ii) the timescale of revivals of distinguishability is ex¬ 
tended by increasing the field energy (Fig. [3^)). In the 
frame corotating with the qubit, the timescale of the fast 
oscillations of p e rr is governed by the quantum Rabi fre¬ 
quency f n := gsjnlh associated to each Fock component 
of the initial held state \ijj). In the limit of zero detuning, 
the relevant timescale of revivals of the distinguishability 
for an initially coherent held is 0(H\a\/g). 

The reduced distinguishability dynamics of a two-level 
quantum system in an arbitrary environment are simpli¬ 
fied by the fact that a two-level system can only undergo 
two dynamical processes: 1) emission/absorption (i.e., 
losing or gaining energy), and 2) dephasing (i.e., gain¬ 
ing or losing quantum coherence in a chosen basis). The 
form of the qubit-held interaction term in the Jaynes- 
Cummings model, Eq. suggests that the timescales 
associated to oscillations, collapses, and revivals of dis¬ 
tinguishability should depend on specihc features of the 
photon number distribution of the initial held state \ip). 
For example, starting with an initially excited qubit state 
As(0) = |0)(0|, the off-diagonal terms of ps{ 0) — ps(t ) 
depend linearly on the product (n ± l\ip)(n\ip) and its 
complex conjugate. By preparing the held in an even 
or odd coherent state |0) oc |a) ± |— a), these dephasing 
contributions to the distinguishability vanish. This is il¬ 
lustrated in Fig. [4j where the solid red and blue traces 
reveal that at a constant intensity \a\ 2 = 9, the qubit ex¬ 
hibits distinguishability revivals of greater amplitude and 
at shorter times in the even/odd coherent helds than in 
the coherent held. 

The damping (diagonal) contribution to ps( 0) — ps(t) 
can also be tuned in order to change the timescale of 
distinguishability revivals. Consider the initial held state 
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|e 0 > given by 


l e o) := 


|a) + |— a) + | ia) + |— ia) 
2 e _ l“l 2 / 2 \/2cosh \a\ 2 + 2cos \a\ 2 


( 20 ) 


which exhibits a photon number distribution having sup¬ 
port on n such that n = 0 mod 4 [22] ■ Like the even 
and odd coherent states, this field state does not pro¬ 
vide a dephasing contribution to ps(0) — Ps(t). How¬ 
ever, for this state, only the Kraus operations E m (t) with 
to £ {1,3} mod 4 contribute to the dynamics. In the 
solid black trace of Fig. §), this feature is seen to pre¬ 
vent the complete destructive interference of quantum 
Rabi frequencies from occurring at short timescales. 

Note that in this work, we do not consider the reduced 
distinguishability dynamics of the field, but focus solely 
on the qubit dynamics. Analysis of the photon statistics, 
field entropy, and other physical characteristics of the 
reduced state of the field were analyzed in Ref. [2Bj. 

An analog of Theorem 1 for the reduced qubit 
distinguishability dynamics would require an ana¬ 
lytical relation between the time-dependent quan¬ 
tity p eir (ps(0), ps{t)) and the time-dependent quantum 
Fisher information of the qubit. In Fig. [5j we demon¬ 
strate instead by example that given a pure state with 
Bloch vector not orthogonal to the z-axis, there are mixed 
states that evolve to a (1 — ^{-distinguishable state faster 
than the given pure state even in the presence of nonuni¬ 
tary dynamics. As expected from the linear field-qubit 
coupling in the Hamiltonian of Eq. the quantum 
state of the field plays an important role. For 5 in the 
range ~ 0.15 to 0.50, the mixed states on the x-axis with 
Bloch vector magnitude 9/10 and initial field states |a) 
and |e 0 ) (red and black dashed lines, respectively) are 
seen to reach their (1 — ^{-distinguishable states faster 
than the pure state at polar angle 37r/8 in the xz-plane 
with initial field state |a) (black solid line). For smaller, 
but still intermediate, vales of S the pure state evolves 
faster than the mixed state with initial field |eo) but 
slower than the mixed state with initial field |a). For 
small S, the pure state is faster than both mixed states. 

This result is relevant to realistic quantum computa¬ 
tions because it shows that given a known fidelity loss 
S > 0, i.e., given knowledge of the error rate of the uni¬ 
tary gates, of the environment of the computer, etc., one 
is able to operate the computer optimally using mixed 
states. For example, imperfectly prepared qubit states 
could thereby be used to increase the processing speed of 
a lossy quantum computer. This strategy not only speeds 
up the quantum computer, but also reduces the change 
in entropy associated with any quantum computation. 



FIG. 5: Minimal error probability for distinguishing various 
initial states ps(0) of a qubit in the a; 2 -plane of the Bloch 
ball from their respective reduced, time-evolved states ps(t) 
given initial field state | ip). (Black solid) ps( 0) having polar 
angle 37 t/ 8 and ||r|| = 1, \ip) = |a); (red) ps( 0) having polar 
angle n/2 and ||r|| = 9/10, \ip) = |a); (black dashed) ps(0) 
having polar angle tt/2 and ||r|| = 9/10, \ip) = |eo). a = 3 in 
all cases. 


speed limit and solved for the distinguishability time of 
unitary evolution of a two-level system (Eq. ®» in the 
case that quantum binary distinguishability is used as 
the discrimination procedure. In particular, by bound¬ 
ing the quantum Fisher information from below, we have 
derived a necessary and sufficient condition on a quan¬ 
tum state p and Hamiltonian H such that p will evolve 
in time t > 0 to a state e~ lHt pe lHt from which it is dis¬ 
tinguishable with maximal success probability 1 — 5 for 
any S £ [0,1/2]. As a corollary of this condition, we de¬ 
termined the set of quantum states that evolve to (1 —in¬ 
distinguishable states faster than a given quantum state 
under unitary time-evolution. The formalism developed 
in Section III was used in a simple proof of the quantum 
brachistochrone for a two-level system. 

We have extended the distinguishability analysis of 
time-evolved states to the reduced Liouville-von Neu¬ 
mann dynamics of a two-level system resonantly coupled, 
via the Jaynes-Cummings interaction, to a single-mode 
electromagnetic field. The timescale of revivals of qubit 
state distinguishability under non-unitary dynamics in¬ 
duced by the quantum state of the field was found to 
depend on both the strength of the field and the photon 
number statistics. In the context of CQED-based quan¬ 
tum operations, these results suggest the possibility of 
engineering the field state and the field energy to tune the 
distinguishability dynamics. Calculation of the reduced 
distinguishability dynamics of a qubit under more gen¬ 
eral qubit-field interactions will be made in future work. 


VI. CONCLUSION 
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